is an open access repository that collects the work of Arts et Métiers ParisTech researchers and makes it freely available over the web where possible. 
technique used consists of assessing a probability of failure P f of the mechanism 10 of magnitude around 10 −6 for large series production. This value represents the 11 probability that a functional condition, C f = y th − Y ≥ 0, is not satisfied, where
12
Y is a functional characteristic of the mechanism and y th is a threshold value
13
to not be exceeded.
14 Tolerance analysis methods must consider the geometrical deviations as ran-15 dom variables whose probabilistic distributions are chosen regarding the manu-
16
facturing process [1, 2] . However, gaps between parts or contact points cannot threshold. On such a mechanism, the expression of this characteristic Y is a 29 function only of the dimensions x 1 and x 2 . This kind of problem is well-defined.
30
In contrast, Figure 2 shows two configurations of an overconstrained mechanism. therefore take into account the worst configurations of gaps to compute the 37 probability of failure. This operation is usually performed using an optimiza-38 tion scheme [1] . This particularity turns out to deal with a system probability 39 assessment, the transition from one worst configuration to another leading to 40 an abrupt change of the limit-state surface. i , i = 1, . . . , 4; j = 1, 2 , the worst configuration of gaps changes: contact with the right pin for j = 1 and contact with the left pin for j = 2.
41
For an isoconstrained mechanism, computing the probability of failure is 
66
The paper is organized as follows: section 2 shows the current tolerance anal-67 ysis problem formulation whose probability is estimated thanks to the Monte 
Problem formulation based on quantifiers

76
The presence of gaps in overconstrained mechanisms makes the mechanical behavior difficult to model. Gaps are considered as free variables, but they are not free of constraints because interpenetration between two surfaces of two parts of the mechanism cannot be allowed. A set of N C interface constraints are therefore defined to prevent surfaces from penetrating into each other. Let X = {X 1 , . . . , X n } be the vector of random variables and g = {g 1 , . . . , g m } the vector of gaps. Given a realization x of the random vector X, these constraints are inequations written as follows:
The functional condition equation of the mechanism is expressed as follows:
where Y = f (x, g) is the response of the system (a parameter such as a gap or a 77 functional characteristic) modeled by a function f characterizing the influences 78 of the deviations and gaps on the mechanism behavior [17] .
79
The universal quantifier "∀" (all) is used to translate the concept that the functional condition must be must respected in all configuration of the mechanism. The definition of the functionality of the mechanism is given by Qureshi et al. [1] : "for all admissible gap configurations of the mechanism, the geometrical behavior and the functional requirement are respected". For any realization
x of the random vector describing the geometrical deviations, the mechanism is functional if the following holds:
The goal of tolerance analysis is to compute a probability of failure. From the previous definition of the functionality, the definition of the non functionality can be formulated as: "there exists at least one admissible configuration for which the functional condition is not respected". That is why the worst configurations of gaps must be considered which is obtained when the minimum value of C f (x, g) is found whereas the interface constraints are satisfied. The expression of the probability of failure is given in Eq. (4).
where
First approach combining Monte Carlo simulation and optimization
81
A straight forward approach to estimate the probability of failure is based on the Monte Carlo simulation combined with an optimization algorithm. Let us introduce the indicator function ½ min C f ≤0 being equal to one if min g C f (x, g) ≤ 0 and zero otherwise. The probability of failure estimation is then expressed as follows:
is a set of samples from the random vector X. This estimation technique, combined with the optimization scheme to evaluate
for each (i), is easy to implement and able to provide an accurate estimate of the probability provided that the coefficient of variation of the estimator, given
Eq. (6), is small enough (<10%).
Monte Carlo simulation is the reference method, which can cope with a piecewise 
Transformation of the optimization problem into the Lagrange dual form 113
The tolerance analysis problem formulation is defined as a linear function of gaps [1] . Indeed the functional condition is always defined as a linear combinations of several gap components. Interface constraints are most of the time also written as a linear functions of gaps [1] . However, cylinder type joints lead to define quadratic interface constraints. In this case, constraints have to be linearized. This linearization of the behavior model has an impact on the probability of failure but this is not the purpose of the present paper. Given these properties, the optimization problem belongs therefore to the linear programming category. In addition, the objective function C f is assumed differentiable.
Given a realization x = {x 1 , . . . , x n } of the random vector X, let us define the Lagrange function:
where λ are the N C Lagrange multipliers [19] . Lagrange dual problem has a solution whose optimal values are equal.
119
Let us consider a Linear Programming problem, characterizing a tolerance anal-120 ysis problem, which is written in a matrix form as follows:
for k = 1, . . . , N C and for g ∈ R m . The Lagrange function is given by:
Finally, the Lagrange dual problem reads:
The expression of the dual form allows the objective function to be no more some combinations are impossible. Table 1 lists several impossible situations. 
Impossible situation Physical interpretation
All λ equal to 0 because b = 0. This is equivalent to consider that there is no contact between the mechanism parts because no interface constraints can be equal to zero.
All λ are different from 0 because
This is equivalent to consider that there are contacts in every possible points of the mechanism simultaneously because all interface constraints must be equal to zero.
133
In fact, the number of non zero Lagrange multipliers λ s k = {λ s f,dual (x) = C f,dual (x, λ s k ) be the expression of the dual functional condition relative to the combination s k . There are then N as admissible solutions to the maximization problem, in Eq. (10), which can now be written as follows:
In addition, according to the proposition 3.1, the optimal values of the primal and dual optimization problem are equal, i.e. both expressions of the functional condition are equal:
Finally, the probability of failure is simply expressed as follows:
The above transformation procedure is described in detail in a simple example 
The FORM method for systems
140
The goal is to compute the probability from the multivariate Gaussian probability density function φ n , with the hypothesis of a first order approximation on each situation [15, 16] . Given N as admissible failure situations, the parallel system failure probability, see Figure 4 , is expressed as follows:
The reliability indices β s k and direction cosines α s k , for k = 1, . . . , N as , of each situation can be computed using the Hasofer-Lind-Rackwitz-Fiessler algorithm [20] or the improved version [21] . In addition the matrix [ρ] of the limit-state correlation coefficients is gathered from the direction cosines:
The expression of the failure probability is given in Eq. (18).
where Φ Nas is the multivariate Gaussian cumulative distribution function. The 
Reduction of the number of intersections
146
The admissible failure situations may be found by computing the Lagrange multipliers in all possible cases. This operation can be achieved if a small number of possibilities exist, e.g. N s ≤ 10. However for complex systems, the number of cases may exceed several thousands making this operation impossible.
In addition, some admissible situations may have no influence on the failure probability value. In both cases, finding and considering the N as admissible situations is not conceivable. A search algorithm is therefore required in order to select only a number N ds of dominant failure situations. The probability of failure is now expressed as follows:
Kim et al. 
Illustration on a simple academic example
170
The optimization problem characterizing a pseudo behavior model in its primal form is defined in Eq. (20). The functionality is ensured when C f ≥ 0.
The goal is to compute the probability
where the random variables X 1 and X 2 follow a normal distribution N (µ X , σ X ) whose parameters are given in Table 2 . Three different set of parameters are used in order to change the order of magnitude of the probability failure. From the definition of the Lagrange dual problem given in Eq. (10), the dual form of this optimization problem is written as follows:
The number of Lagrange multipliers λ is greater than the number of equality system of equality constraints. Table 3 lists these possible situations and shows
175
if the result is admissible or not.
176 Table 3 : List of possible combinations to compute Lagrange multiplier values.
Situation hypothesis Result
Expression of C f
The admissible failure situations are found in this case by computing the Table 3 , the number of admissible situations is N as = 4. The 180 optimization problem is now written as follows:
The associated probability of failure is only a function of random variables X 1 and X 2 , as seen from the following expression:
The FORM method is applied on each failure situation of the previous formulation. In this case of linear functions with normal random variables, the FORM method provides exact results of each reliability index. Results obtained for the first set of parameters are shown in Table 4 . The correlation matrix associated with this problem is given in Eq. (24). 
Given these values, the probability of failure can be computed using the multivariate Gaussian cumulative distribution function in four dimensions:
The comparison of the results obtained with the Monte Carlo simulation
182
(for a C.O.V ≈ 5%) and the FORM method for systems are shown in Table 5 183 for the three set of parameters. The probability of failure is expressed in parts 184 per million (ppm). The smallest the probability, the longer the Monte Carlo 185 simulation to be accurate enough. In contrast, using the proposed formulation 
Industrial application
195
The application is based on a gear pump, see Figure 6 , which has two parts • 38 random variables following a Gaussian distribution X ∼ N (µ X , σ X ).
205
Values of all parameters are given in Appendix A.
206
• 3 gap variables g which are the optimizations parameters.
207
• 4 quadratic interface constraints which give N C = 160 interface constraints 208 after applying a linearization procedure.
209
• N s = 160 3
= 669920 possible situations.
210
In order to show the efficiency of the proposed formulation, different orders 211 of magnitude of the probability of failure are intended to be reached. Proba-
212
bilities of failure are expressed in parts per million (ppm). to determine whether they ensure a mechanism to be assembled and functional.
234
Evaluating the quality level turns out to be an estimation of a probability of 235 failure which must be done as fast and accurate as possible. a new procedure to deal with a functional tolerance analysis.
240
The proposed procedure is based on a system formulation of the problem 241 so that a system reliability method can be used. This formulation is obtained 
247
An academic example is used to detail all the transformation procedure.
248
Then the proposed method is applied on an industrial application modeled in 
